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Lemma 1 The following �ve statements are true:
(i) max�2� U(�e; �) = maxfU(�e; ��); U(�e; f(�e))g;
(ii) maxfU(�e; ��); U(�e; f(�e))g = maxfW (�e; ��);W (�e; f(�e))� Cg;
(iii) if U(�e; ��) > U(�e; f(�e)), then �� is the unique solution of (9);

(iv) if U(�e; ��) < U(�e; f(�e)), then f(�e) is the unique solution of (9);

(v) if U(�e; ��) = U(�e; f(�e)), then �� and f(�e) are the only two solutions of (9).

Proof. I start with statement (i). Let �e be any element of �. Then,

� 6= �� =) U(�e; �) =W (�e; �)� C � W (�e; f(�e))� C � U(�e; f(�e)).

Hence,

� 6= �� =) U(�e; �) � maxfU(�e; ��); U(�e; f(�e))g. (21)

Since U(�e; ��) � maxfU(�e; ��); U(�e; f(�e))g, the inequality in (21) holds for all � 2 �;
therefore, (i) is true. Given that U(�e; ��) =W (�e; ��) and

f(�e) 6= �� =) U(�e; f(�e)) = W (�e; f(�e))� C,

the equality in (ii) holds if f(�e) 6= ��. If f(�e) = ��, then both sides of the equality in

question will be equal to W (�e; ��). Hence, statement (ii) is true. The last three statements

follow directly from (i).
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Remark 2 Observe that k1 is exactly the value of C for which U(��; f(��)) = U(��; ��).

Hence, if C = k1 and player p (the general public) selects �e = ��, then player b (the central

bank) will be indi¤erent between the actions f(��) and ��. Similarly, U(�̂; f(�̂)) = U(�̂; ��)

for C = k2. Hence, if the last equality holds, then b can optimally play either f(�̂) or �� as

a response to �e = �̂.

Lemma 3 The parameters k1 and k2 satisfy the inequality k1 < k2.

Proof. De�ne the function  (�e) according to

 (�e) =W (�e; f(�e))�W (�e; ��). (22)

Thus,  0(�e) =W1(�
e; f(�e))+W2(�

e; f(�e))f 0(�e)�W1(�
e; ��). Together, the last equality

and (5) imply that  0(�e) =W1(�
e; f(�e))�W1(�

e; ��). SinceW1(�
e; �) = 2�[�(���e)���y],

 0(�e) = 2�2[f(�e)� ��]. On the other hand, (6) and (7) imply that

f(��)� �� =




 + �2
(�̂ � ��) > 0.

Given that f is strictly increasing, f(�e)� �� � f(��)� �� > 0 for every �e � ��. Thus,

 0(�e) > 0, 8�e � ��. (23)

Therefore,  (��) <  (�̂). Since  (��) = k1 and  (�̂) = k2, it follows that k1 < k2.

Proposition 4 If C < k1, then (�̂; �̂) is the unique stage Nash equilibrium. If C > k2, then

(��; ��) is the unique stage Nash equilibrium. If C 2 [k1; k2], then (�̂; �̂) and (��; ��) are the
only stage Nash equilibria.

Proof. Suppose that C < k1. Combine this inequality with Lemma 3 to conclude that

C < k2. Then use (11) to show that W (�̂; ��) < W (�̂; f(�̂)) � C, which in turn implies

that U(�̂; ��) < U(�̂; f(�̂)). Thus, if p plays �e = �̂, then the best action for the central

bank consists in playing � = f(�̂). Since f(�̂) = �̂, (�̂; �̂) is a stage Nash equilibrium.

Concerning uniqueness, optimality for player p implies that (�̂; �) is not an equilibrium for

any � 6= �̂. Consider now what happens when player p implements an action �e = �0 6= �̂.

Suppose that �0 = ��. Then, use the fact that C < k1 and equality (10) to show that

U(��; ��) < U(��; f(��)). Hence, player b should choose � = f(��). Since f(��) 6= ��, it

follows that �e = �� is not a best response to � = f(��). For the case in which �0 is di¤erent

from both �� and �̂, recall that the optimal choice for b is (i) � = �� or (ii) � = f(�0).

If (i) is true, then the assumption that �0 6= �� implies that such a �0 does not solve the
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problem of player p. If (ii) holds, then the fact that �̂ is the only �xed point of f implies

that �0 6= f(�0). Again, �0 cannot be an optimal strategy for p.

Now, assume that C > k2. Apply Lemma 3 again to show that C > k1. Hence, (10)

implies that U(��; ��) > U(��; f(��)). So, if player p implements the action �e = ��, the

central bank�s best response is � = ��. Thus, (��; ��) is a stage Nash equilibrium. To show

there is no other equilibrium, observe that optimality for player p implies that (��; �) is not

an equilibrium for any � 6= ��. Next, assume that player p plays �e = �0 6= ��. If �0 = �̂,

the inequality C > k2 implies that U(�̂; ��) > U(�̂; f(�̂)). Thus, b should play ��, and as

a consequence, �̂ is not an optimal action for player p. If �0 is di¤erent from both �� and

�̂, the optimal action for the central bank will be �� or f(�0). Once more, the facts that

�0 6= �� and �0 6= f(�0) imply that such a �0 is not an optimal strategy for player p.

Finally, consider the case in which k1 � C � k2. The inequality C � k1 and (10) imply

that U(��; ��) � U(��; f(��)). Thus, if player p plays ��, then player b can optimally play

��. Therefore, (��; ��) is a stage Nash equilibrium. Similarly, the inequality C � k2 and

(11) imply that U(�̂; f(�̂)) � U(�̂; ��). Hence, (�̂; �̂) is also a stage Nash equilibrium. To

establish that there is no other equilibrium, observe that optimality for player p implies that

(��; �) is not an equilibrium for any � 6= ��, while (�̂; �) is not for any � 6= �̂. Moreover, if

player p plays �0 =2 f��; �̂g, then the optimal response for b is �� or f(�0). Since �0 6= �� and

�0 6= f(�0), it follows that �0 cannot be an equilibrium strategy for p.

Lemma 5 If fxtg1t=0 is an equilibrium outcome, then fxtg1t=0 satis�es (14).

Proof. Given a strategy � for player b, the strategy of setting �et equal to �t(h
t�1) will

yield player p its maximum attainable payo¤ (which is 0) at every node of the game. Hence,

V (�et ; �t) = 0 in any equilibrium. Thus, (14) must hold in such an equilibrium.

Proposition 6 For C � k2, a sequence fxtg1t=0 belongs to T (C) if and only if it satis�es
(14) and (16). For C > k2, a sequence fxtg1t=0 belongs to T (C) if and only if it satis�es
(14) and (15).

Proof. Suppose that C � k2. Therefore, (�̂; �̂) is a stage Nash equilibrium. Hence, any

sequence fxtg1t=0 that satis�es (14) and (16) must belong to T (C). This establishes the �if�
part. For the �only if�part, let fxtg1t=0 be any element of T (C). Apply Lemma 5 to conclude
that fxtg1t=0 satis�es (14). Moreover, the fact that fxtg1t=0 belongs to T (C) implies that this
sequence must satisfy (16) or (15). However, U(�̂; �̂) < U(��; ��). Thus, if fxtg1t=0 satis�es
(15), then it must also satisfy (16). A similar argument can be applied to the case in which

C > k2.
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The last proposition establishes that expressions (14), (16), and (15) provide su¢ cient

conditions for a sequence X to be an equilibrium outcome. A natural inquiry is whether

an equilibrium outcome must satisfy the conditions in question. As shown in Lemma 5, the

answer is yes for equality (14). Concerning (16) and (15), the question at hand is equivalent

to asking whether the worst (from the point of view of the central bank) equilibrium outcome

is equal to the worst stage Nash equilibrium. It turns out that, at least for a patient central

bank, the answer is no. Indeed, let ~� be any in�ation rate in the interval (�̂; �max). Regardless

of the value of C, for � su¢ ciently close to 1 there is an equilibrium outcome in which at date 0

both agents play ~� and on subsequent dates they switch to the worst stage Nash equilibrium.

Since U(~�; ~�) is smaller than both U(�̂; �̂) and U(��; ��), no stage Nash equilibrium can be

the worst equilibrium outcome of the repeated game.

Proposition 7 The sequence X� belongs to T (C) if and only if C � k0.

Proof. I start with the �if� part. Suppose that C � k0. If C � k1, then (��; ��) is a

stage Nash equilibrium, and as a consequence, X� is an equilibrium outcome of the in�nitely

repeated game. If C < k1, the fact that C � k0 implies that

C � (1� �)k1 � �[W (��; ��)�W (�̂; �̂)]

=) (1� �)C � (1� �)k1 � �fW (��; ��)� [W (�̂; �̂)� C]g

=) C � k1 �
�

1� �
fU(��; ��)� U(�̂; �̂)g.

Combine the last inequality with (10) to conclude that

C � W (��; f(��))�W (��; ��)� �

1� �
fU(��; ��)� U(�̂; �̂)g

=) W (��; ��) +
�

1� �
U(��; ��) � W (��; f(��))� C +

�

1� �
U(�̂; �̂).

However, f(��) 6= ��. Therefore,

U(��; ��) +
�

1� �
U(��; ��) � U(��; f(��)) +

�

1� �
U(�̂; �̂). (24)

Now, observe that the inequality C < k1 implies that U(��; ��) < U(��; f(��)). Thus, it

is possible to apply Lemma 1 to show that max�2� U(��; �) = U(��; f(��)). Combine this

equality with (24) to conclude that X� satis�es (16). Hence, X� is an equilibrium outcome.

Concerning the �only if� part, it su¢ ces to show that if C < k0, then X� =2 T (C).
Reasoning similar to that used to obtain (24) establishes that the reverse inequality holds
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strictly if C < k0. Thus, player b can enhance its payo¤ by deviating to f(��), and as a

consequence, X� =2 T (C).

Proposition 8 If C1 < C2 � k2, then T (C2) \ ~X� � T (C1) \ ~X�.

Proof. Let X be any element of T (C2) \ ~X�. Thus, X satis�es (14). Furthermore, for any

X 2 ~X�, inequality (16) is equivalent to

1X
r=t+1

�r�t[W (�er; �r)�W (�̂; �̂)]

� max fW (�et ; ��) + C;W (�et ; f(�
e
t )) + [1� I(f(�et ))]Cg �W (�et ; �t).

The right-hand side of this inequality is non-decreasing in C, while the left-hand side does

not depend on the variable in question. Given that C1 < C2 and X satis�es this condition for

C = C2, it must be the case that the same is true for C = C1. Therefore, X 2 T (C1)\ ~X�.

Example 9 The sets T (C1) \ ~X� and T (C2) \ ~X� in Proposition 8 need not be equal. Let
�0 be an in�ation rate belonging to the interval (��; �̂) and X 0 be the sequence in which

�et = �t = �0 for all t. Since �� < �0 < �̂, (10), (11), (22), and (23) imply that

k1 =  (��) <  (�0) <  (�̂) = k2.

Furthermore, if C >  (�0), then W (�0; f(�0))� C < W (�0; ��). Hence, for any such C,

max
�2�

[W (�0; �)� I(�)C] =W (�0; ��)

and

0 < W (�0; f(�0))�W (�0; �0) < W (�0; ��)�W (�0; �0) + C.

Therefore,

max
�2�

[W (�0; �)� I(�)C]� [W (�0; �0)� C] =W (�0; ��)�W (�0; �0) + C > 0. (25)

Now, take a penalty C1 2 ( (�0); k2) and a penalty C2 2 (C1; k2). Thus, the equality in (25)
holds for C = C1 and C = C2. Next, de�ne �

0 so that

�0

1� �0
[W (�0; �0)�W (�̂; �̂)] =W (�0; ��)�W (�0; �0) + C1. (26)
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Combine the inequalityW (�0; �0) > W (�̂; �̂) with (25) to conclude that �0 is well-de�ned and

lies in the interval (0; 1). Hence, if � = �0 and C = C1, then X 0 satis�es (16) as an equality,

which implies that X 0 2 T (C1) \ ~X�. On the other hand,

W (�0; ��)�W (�0; �0) + C1 < W (�0; ��)�W (�0; �0) + C2.

Combine this inequality with (26) to conclude that X 0 does not satisfy (16) for � = �0 and

C = C2. As a consequence, X 0 =2 T (C2) \ ~X�.

In the discussion that follows, X�� denotes the subset of X� containing all sequences that
satisfy (19) for every t.

Proposition 10 If C1 < C2 � k2, then T (C1) \ X�� � T (C2) \ X��.

Proof. Take a sequence X belonging to T (C1) \ X��. Clearly, X satis�es (14). Condition

(16) can be written as

1X
r=t+1

�r�t[W (�er; �r)�W (�̂; �̂)] +

( 1X
r=t+1

�r�t[1� I(�r)]� I(�t)

)
C

� max fW (�et ; ��);W (�et ; f(�et))� I(f(�et))Cg �W (�et ; �t).

Since X 2 X��, (19) implies that the expression inside the large curly brackets is non-
negative. Therefore, the left-hand side is non-decreasing in C, while the right-hand side

is non-increasing in C. Since X satis�es the above inequality for C = C1, X will also satisfy

it for C = C2. Hence, X 2 T (C2) \ X��.

Example 11 The sets T (C1) \ X�
� and T (C2) \ X�

� in Proposition 10 need not be equal.

For instance, let X 0 be the sequence in which �et = �t = �̂ for t even and �et = �t = �� for

t odd. Assume that � = 0:62. Therefore, �=(1� �2) �= 1:0071 > 1. Thus, (19) holds, which
implies that X 0 2 X��. Consider the expression

1X
r=t+1

�r�t fW (�er; �r)�W (�̂; �̂) + [1� I(�r)]Cg (27)

� max fW (�et ; ��);W (�et ; f(�et))� I(f(�et ))Cg �W (�et ; �t) + I(�t)C,

which is equivalent to (16). The term inside the curly brackets on the left-hand side is

positive for r odd and equal to 0 for r even. Therefore, the left-hand side of the inequality
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is positive. Concerning the right-hand side, the inequality C � k2 implies it is equal to 0

for t even. Thus, (27) holds for all even dates. For t odd, the right-hand side is equal to

maxf0; k1 � Cg. Next, assume that � = 0:5, 
 = � = �y = 1, and �� = 0:01. Hence, �̂ = 0:5

and k1 = 0:19208. The table below contains the results of the numerical evaluation, for odd

dates, of both sides of (27) for two distinct values of C.

Table 1

Numerical evaluation of the left- and

the right-hand sides of expression (27) for t odd

C left-hand side right-hand side

0.02 0.16853 0.17208

0.10 0.21849 0.09208

Thus, X 0 =2 T (0:02) and X 0 2 T (0:10); as a consequence, T (0:02) \ X�� 6= T (0:10) \ X��.

Lemma 12 If C > k2, then X̂ =2 T (C).

Proof. The inequality C > k2 implies that W (�̂; �̂)� C < W (�̂; ��). Thus,

1X
r=t

�r�tU(�̂; �̂) =
W (�̂; �̂)� C

1� �
= W (�̂; �̂)� C + �

W (�̂; �̂)� C

1� �

< W (�̂; ��) + �
W (��; ��)

1� �
= U(�̂; ��) + �

U(��; ��)

1� �
� max

�2�
U(�̂; �) + �

U(��; ��)

1� �
.

Therefore, X̂ does not satisfy (15). As a consequence, X̂ =2 T (C).

Lemma 13 There exists a real number � > 0 such that T (C) � T (k2) for every C 2
(k2; k2 + �].

Proof. De�ne � so that

� =
�

1� �
[W (��; ��)�W (�̂; �̂) + k2]. (28)

Now, suppose that C belongs to (k2; k2 + �] and let X be any element of T (C). Condition
(15) implies that

1X
r=t

�r�t[W (�er; �r)� I(�r)C] � max
�2�

[W (�et ; �)� I(�)C] + �
W (��; ��)

1� �
.
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As a consequence,

1X
r=t

�r�t[W (�er; �r)� I(�r)k2] � max
�2�

[W (�et ; �)� I(�)(k2 + �)] + �
W (��; ��)

1� �
.

Combine this inequality with (28) to conclude that

1X
r=t

�r�t[W (�er; �r)� I(�r)k2] � max
�2�

[W (�et ; �)� I(�)(k2 + �)] + � + �
W (�̂; �̂)� k2

1� �
. (29)

On the other hand,

max
�2�

[W (�et ; �)� I(�)(k2 + �)] + � = max
�2�

fW (�et ; �)� I(�)k2 + [1� I(�)]�g

=) max
�2�

[W (�et ; �)� I(�)(k2 + �)] + � � max
�2�

[W (�et ; �)� I(�)k2].

Together, the last inequality and (29) imply that

1X
r=t

�r�t[W (�er; �r)� I(�r)k2] � max
�2�

[W (�et ; �)� I(�)k2] + �
W (�̂; �̂)� k2

1� �
.

Therefore, X satis�es (16) when the penalty is equal to k2. Since X 2 T (C), X also satis�es

(14). Thus, X 2 T (k2), from which it follows that T (C) � T (k2).
It remains to show that T (C) 6= T (k2). Recall that X̂ 2 T (k2), while Lemma 12 implies

that X̂ =2 T (C). Hence, the two sets are indeed di¤erent.
For future reference, de�ne the function R(�e; �; C) according to

R(�e; �; C) = maxfW (�e; ��);W (�e; f(�e))� Cg � [W (�e; �)� I(�)C]. (30)

Therefore, for sequences in which �et = �t for all t, inequality (15) is equivalent to

1X
r=t+1

�r�tf[W (�r; �r)� I(�r)C]�W (��; ��)g � R(�t; �t; C). (31)

Lemma 14 Suppose that C > k2. Thus, R(��; ��; C) = 0, R(�; �; C) > 0 for � 6= ��, and

R(�; �; C) is non-decreasing in C.

Proof. Take any C > k2. Since C > k1, W (��; ��) > W (��; f(��)) � C. Combine this

inequality with (30) to conclude that R(��; ��; C) = 0. Next, observe that

� 6= �� =) R(�; �; C) = maxfW (�; ��)�W (�; �) + C;W (�; f(�))�W (�; �)g. (32)
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Since W (�̂; ��)�W (�̂; �̂)+C = C�k2, R(�̂; �̂; C) � C�k2 > 0. Therefore, R(�; �; C) > 0
if � = �̂. On the other hand, if � is di¤erent from both �̂ and ��, then f(�) 6= � and, as a

consequence, W (�; f(�)) �W (�; �) > 0. I conclude again that R(�; �; C) > 0. Finally, an

inspection of the equality in (32) establishes that R(�; �; C) is non-decreasing in C whenever

� 6= ��. Since R(��; ��; C) = 0 for all C, it must be the case that R(�; �; C) is non-decreasing

in C for all �.

Proposition 15 If k2 < C1 < C2, then T (C2) � T (C1).

Proof. Consider two penalties C1 and C2 satisfying k2 < C1 < C2. Let X be an element

of T (C2). Thus, X satis�es (31) for C = C2. Now, observe that the left-hand side of (31)

is non-increasing in C, while Lemma 14 implies that its right-hand side is non-decreasing in

C. Therefore, X also satis�es (31) for C = C1. Hence, X 2 T (C1), and as a consequence,
T (C2) � T (C1).

It is worth pointing out that the sets T (C1) and T (C2) may be equal.

Proposition 16 If C > k2, then T (C) � T (k2).

Proof. Let C be any penalty such that C > k2. The previous proposition implies that

T (C) � T (C 0) holds for every C 0 2 (k2; C). By making C 0 su¢ ciently close to k2, it is
possible to apply Lemma 13 to conclude that T (C 0) � T (k2). Thus, T (C) � T (k2).

Proposition 17 For every C > k2, there exists a positive number " (that does not depend

on �) such that if a sequence X 6= X� has the property that j�t � ��j < " for all t, then

X =2 T (C).

Proof. Take a penalty C > k2. The continuity of W implies that there exists an " > 0 such

that

j� � ��j < " =) jW (�; �)�W (��; ��)j < C. (33)

Clearly, " does not depend on �. Now, observe that

jW (�; �)�W (��; ��)j < C =) W (�; �)� C �W (��; ��) < 0

=) [W (�; �)� I(�)C]�W (��; ��) � 0. (34)

Next, take a sequence X 6= X� with the property j�r � ��j < " for all r and let t be the �rst

date on which �t 6= ��. Inequality (34) implies that the sum in the left-hand side of (31) is

smaller than or equal to 0. On the other hand, the fact that �t 6= �� combined with Lemma

14 implies that R(�t; �t; C) > 0. Thus, X does not satisfy (31); hence X =2 T (C).
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Proposition 18 If C > k2 and C � k3, then T (C) = fX�g.

Proof. Take any C that satis�es the stated conditions. Since C > k2, X� 2 T (C). Next,
take a sequence X 6= X� that satis�es (14). It su¢ ces to show that X does not satisfy (31).

Let t be the �rst date on which �t 6= ��. Apply Lemma 14 to conclude that R(�t; �t; C) > 0.

Consider now the left-hand side of (31). If �r = ��, then the term inside the curly brackets

is equal to 0. Next, suppose that �r 6= ��. Since W (0; 0) � W (�r; �r),

W (�r; �r)�W (��; ��) � W (0; 0)�W (��; ��) = k3 =) W (�r; �r)�W (��; ��) � C.

Hence, the term inside the curly brackets is nonpositive if �r 6= ��. As a consequence, the

sum on the left-hand side of (31) is less than or equal to 0. Since R(�t; �t; C) > 0, it follows

that X does not satisfy (31).

As mentioned in the main body of the paper, it is not possible to say whether or not

k3 is larger than k2 without further assumptions on the parameters. Indeed, a little algebra

establishes that k2 = (�2 + 
)(�̂ � ��)2 and k3 = (��)2
. Thus,

k3 > k2 () �� >
(�2 + 
)0:5

(�2 + 
)0:5 + 
0:5
�̂.

Next I investigate whether the converse of the last proposition is true. That is, I study

whether the equality T (C) = fX�g implies that C > k2 and C � k3. However, this is

equivalent to studying if C � k2 or C < k3 implies that T (C) 6= fX�g. Since X̂ will belong

to T (C) whenever C � k2, it remains to consider what happens when C 2 (k2; k3).
Suppose that k2 < k3 and take any C in the interval (k2; k3). Hence, (20) implies that

W (0; 0)�W (��; ��)� C > 0. Now, let �C be any in�ation rate in the interval (0; ��) with

the property that

W (�C ; �C)�W (��; ��)� C > 0 (35)

and X(�C) be the subset of all sequences in X such that �et = �t and �t 2 [0; �C ] for all t.

Proposition 19 Suppose that k2 < k3. Hence, for every C 2 (k2; k3) there is a number
�C 2 (0; 1) with the property that if � 2 [�C ; 1), then X(�C) � T (C).

Proof. De�ne �R according to

�R = max
�2�

[maxfW (�; ��)�W (�; �) + C;W (�; f(�))�W (�; �)g] . (36)
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Since the objective function is continuous and � is compact, �R is well de�ned. Furthermore,

W (��; f(��))�W (��; ��) > 0, so �R > 0. Next, de�ne �C so that

�C =
�R

[W (�C ; �C)� C �W (��; ��)] + �R
.

Combine (35) with the fact �R > 0 to conclude that �C 2 (0; 1). Now, take an X 2 X(�C)
and let t be any date. Since �r � �C < ��,W (�r; �r) � W (�C ; �C) and I(�r)C = C. Hence,

W (�r; �r)� I(�r)C �W (��; ��) � W (�C ; �C)� C �W (��; ��).

Thus, if � 2 [�C ; 1), then

1X
r=t+1

�r�t[W (�r; �r)�I(�r)C�W (��; ��)] �
�C

1� �C
[W (�C ; �C)�C�W (��; ��)] = �R. (37)

Now, compare the equality in (32) with the objective function in (36). Since �t 6= ��, it

must be the case that �R � R(�t; �t; C). Together with (37), this last inequality implies that

X satis�es (31), and as a consequence, X 2 T (C).

One may wonder whether the assumption regarding � can be dispensed with. As shown

in the next proposition, the answer is no.

Proposition 20 Suppose that k2 < k3. Hence, for every C 2 (k2; k3) there is a number
�0C 2 (0; 1) with the property that if � 2 (0; �0C), then T (C) = fX�g.

Proof. Given a penalty C 2 (k2; k3), take any " as in the statement of Proposition 17 and
let �" be the set f� 2 � : j� � ��j � "g. Since C < k3, (20) and (33) together imply that

0 2 �". Therefore, �" is not empty. Next, consider the problem of selecting � 2 �" to
minimize R(�; �; C). Since �� =2 �", the objective function is continuous in �". Thus, the
compactness of this set implies that there is a solution �". Clearly, �" 6= ��; hence, Lemma

14 implies that R(�"; �"; C) > 0. Now, de�ne �
0
C according to

�0C =
R(�"; �"; C)

(k3 � C) +R(�"; �"; C)
.

Observe that �0C 2 (0; 1). Now, take a sequence X 6= X� that satis�es (14). Apply Propo-

sition 17 to conclude that if j�t � ��j < " for all t, then X =2 T (C). Suppose now that
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j�t � ��j � " for some date t. Since W (�r; �r) � W (0; 0),

W (�r; �r)� C �W (��; ��) � W (0; 0)� C �W (��; ��) = k3 � C

=) W (�r; �r)� I(�r)C �W (��; ��) � k3 � C.

Hence, if � 2 (0; �0C), then

1X
r=t+1

�r�t[W (�r; �r)� I(�r)C �W (��; ��)] <
�0C

1� �0C
(k3 � C) = R(�"; �"; C).

Furthermore, �t 2 �", so R(�"; �"; C) � R(�t; �t; C). Therefore, X does not satisfy (31) and

this implies that X =2 T (C).

I close this appendix by pointing out that the critical discount rates �C and �
0
C are uniform

over X. That is, they do not depend on X.

Appendix B: a high target rate

In this appendix, I study what happens when �� � �̂. I divide the analysis into two cases:

(i) �� = �̂ and (ii) �� > �̂. The main �ndings of the paper remain true in both contexts.

Case (i)

Since �� = �̂, the stage game has a single Nash equilibrium regardless of the value of C.

Arguments similar to those in Appendix A can be used to establish the results that follow.

To facilitate the comparison, I label these new results with the corresponding numbers used

in the baseline case, but followed by the prime symbol.

Proposition 60 A sequence fxtg1t=0 belongs to T (C) if and only if it satis�es (14) and (15).

Proposition 70 The sequence X� belongs to T (C).

Proposition 150 If C1 < C2, then T (C2) � T (C1).

Proposition 170 For every C, there exists a positive number " (that does not depend on �)
such that if a sequence X 6= X� has the property that j�t���j < " for all t, then X =2 T (C).

Proposition 180 If C � k3, then T (C) = fX�g.

Proposition 190 For every C < k3, there is a number �C 2 (0; 1) with the property that if
� 2 [�C ; 1), then X(�C) � T (C).
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Proposition 200 For every C < k3, there is a number �
0
C 2 (0; 1) with the property that if

� 2 (0; �0C), then T (C) = fX�g.

Observe that if �� = �̂, then k1 = k2 = 0. Consequently, there are no counterparts for

Propositions 8, 10, and 16 here.

Case (ii)

In this context, �� > �̂. Small variations of the argument used to establish Lemma 3 su¢ ce

to show that the same result holds here. Therefore, the analysis of the stage game is not

changed. I now turn to the study of the in�nitely repeated game.

It is necessary to introduce a new parameter allowing for the identi�cation of the worst

stage Nash equilibrium when C 2 [k1; k2]. De�ne k4 so that

k4 = W (�̂; �̂)�W (��; ��).

Therefore, U(��; ��) > U(�̂; �̂) if and only if C > k4.1

It is a relatively simple exercise to show that k4 > k1. However, it is not possible to say

whether or not k4 � k2. Thus, the analysis has to be divided into two subcases: (a) k4 � k2

and (b) k4 < k2.

Subcase (ii.a)

Since k4 � k2, (��; ��) is the worst stage Nash equilibrium for every C in [k1; k2]. Therefore, it

is possible to establish the result that follows. Similarly to the previous case, the propositions

are labeled with the same numbers as their counterparts in Appendix A, but now followed

by a double prime and the letter a.

Proposition 600a For C < k1, a sequence fxtg1t=0 belongs to T (C) if and only if it satis�es
(14) and (16). For C � k1, a sequence fxtg1t=0 belongs to T (C) if and only if it satis�es (14)
and (15).

Consider now Proposition 7. In this context, k0 is strictly positive; however, it is not

possible to say whether or not k0 < k1. For this reason, it is necessary to introduce an

additional condition.

Proposition 700a Suppose that C < k1. Thus, the sequence X� belongs to T (C) if and only
if C � k0.

1This step was not necessary in the case in which �� < �̂ because there (�̂; �̂) is the worst stage equilibrium
for all C in the interval [k1; k2].
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The case in which C � k1 is immediate, since (��; ��) is a stage Nash equilibrium

whenever the last inequality holds. Next I present counterparts to Propositions 8, 10, and

15.

Proposition 800a If C1 < C2 < k1, then T (C2) \ ~X� � T (C1) \ ~X�.

Proposition 1000a If C1 < C2 < k1, then T (C1) \ X�� � T (C2) \ X��.

Proposition 1500a If k1 � C1 < C2, then T (C2) � T (C1).

It is not possible to obtain a result similar to Proposition 16. Propositions 17, 18, 19,

and 20 hold exactly as stated in Appendix A.

Subcase (ii.b)

In this context, k4 < k2. Thus, the worst stage Nash equilibrium is (��; ��) for C 2 [k1; k4]
and (�̂; �̂) for C 2 (k4; k2]. Below I present counterparts, identi�ed by the extra label b, to
Propositions 6, 7, 8, 10, and 15.

Proposition 600b For C < k1 or C 2 (k4; k2], a sequence fxtg1t=0 belongs to T (C) if and
only if it satis�es (14) and (16). For C 2 [k1; k4] or C > k2, a sequence fxtg1t=0 belongs to
T (C) if and only if it satis�es (14) and (15).

Proposition 700b Suppose that C < k1. Thus, the sequence X� belongs to T (C) if and only
if C � k0.

Proposition 800b If C1 < C2 < k1 or k4 < C1 < C2 � k2, then T (C2) \ ~X� � T (C1) \ ~X�.

Proposition 1000b If C1 < C2 < k1 or k4 < C1 < C2 � k2, then T (C1) \ X�� � T (C2) \ X��.

Proposition 1500b If k1 � C1 < C2 � k4 or k2 < C1 < C2, then T (C2) � T (C1).

Propositions 16, 17, 18, 19, and 20 hold exactly as stated in Appendix A.
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