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1 introduction

A central result in general equilibrium 
theor� is the First Welfare Theorem. This 
theorem sho��s that, under a relativel� 
small set of assumptions, ever� competitive 
equilibrium allocation is Pareto efficient.

The most popular (and in fact the onl� 
��idel� kno��n� ��a� of establishing the First 
Welfare Theorem is to carr� out a proof b� 
contradiction. This proof ��as first presented 
b� Arro�� (1951�. With fe�� variations, 
this is the approach usuall� found in most 
te�tbooks. Some e�amples are Aliprantis, 
Bro��n and Burkinsha�� (1990�; Mas-Collel, 
Green and Whinston (1995� and Taka�ama 
(1994�.

There are some alternative proofs for 
the First Welfare Theorem. Debreu (1954� 
sho��ed that if an allocation is feasible, then 
it cannot Pareto dominate a competitive 
equilibrium allocation. Debreu (1983� 
sho��ed that an� allocation that makes 
some agent better-off ��ithout harming 
another (��hen compared to a competitive 
equilibrium allocation� is not feasible. 
Ellickson (1993� provided another proof (a 
direct one� to that classic theorem.

In this note ��e establish the First 
Welfare Theorem b� means of contraposition 
reasoning. We sho�� that if an allocation is 
not Pareto efficient, then this allocation is not 
a competitive equilibrium allocation.

This ne�� proof establishes a direct 
connection bet��een the concepts of 
competitive equilibrium and Pareto efficienc�. 
It clearl� sho��s that no price s�stem can 
support as a competitive equilibrium an 
allocation that is not Pareto efficient. This is 
e�actl� the same argument used to convince 
an undergraduate student that an allocation 
that does not la� on the contract curve of 
an Edge��orth’s bo� is not a competitive 
equilibrium allocation.

This note is organized as follo��s. For 
simplicit�, the ne�� approach to prove the 
First Welfare Theorem is initiall� used in a 
pure e�change econom� in Section II. The 
argument is generalized to an econom� ��ith 
production in Section III.

2 A Pure Exchange Economy

There e�ist a set i = {1,2,...,I} of 
consumers and a set l = {1,2,...,L} of 

commodities. The commodit� space is . 
Each consumer i ∈ i has a preference relation 

 on her consumption set X
i
 ⊆  and an 

initial endo��ment ϖ
i
 ∈ X

i
. As usual, x

i
 f

i 
 

 means that x
i
   and ¬(   x

i
�. An 

allocation is a vector x ∈ . It can be ��ritten 
as x = (x

1
, x

2
,…,x

I
�, ��here each x

i
 ∈ X

i
. A 

price s�stem is an� vector p ∈ . Given a 
price s�stem p, the budget set of consumer i 
is the set B

i
(p� = {x

i
 ∈ X

i 
: p⋅(x

i
 - ϖ

i
� ≤ 0}. The 

ne�t five definitions spell out the remaining 
introductor� formalities.

 Definition 1 A preference relation  
is locally non-satiable if for ever�  ∈ X

i
 

and all d > 0 there e�ists  ∈ {x
i
 ∈ X

i 
: 

||x
i
 - ||< d} satisf�ing  f

i
 .

 Definition 2 A bundle x
i
 ∈ X

i
 is a 

maximal element for  in a set v
i
 ⊆ X

i
 

if x
i
 f

i
  for all  in v

i
.

 Definition 3 An allocation x is feasible 

if x
i
 ∈ X

i
 for all i and  ϖ

i
.

 Definition 4 An allocation x is Pareto 
efficient if it is feasible and there is no 
feasible allocation  that satisfies  
x

i
 for all i and  f

i
 x

i
 for some i.

 Definition 5 A competitive equilibrium 
is a vector (p,x� that satisfies: (i� x 
is feasible and (ii� for each i, x

i
 is a 

ma�imal element for  in B
i
(p�.

theorem 1 Suppose that each  is 
locall� non-satiable. If (p,x� is a competitive 
equilibrium, then x is Pareto efficient.

Proof It is enough to sho�� that if an 
allocation x is not Pareto efficient, then 
there is no price s�stem p such that (p,x� 
is a competitive equilibrium. Take an� x 
that is not Pareto efficient and an� price 
s�stem p. Either (i� x is not feasible or (ii� x 
is feasible and there e�ists another feasible 
allocation  that satisfies   x

i
 for all i 

and  f
i
 x

i
 for some i. If (i� is true there 

is nothing to sho��.

Consider the situation in ��hich (ii� 
holds. Define the setsDefine the sets i
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i
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i
� > 0}, i

<
 = {i ∈ i: p⋅(x

i
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i
� 

< 0}, i
=
 = {i ∈ i: p⋅(x
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i
� = 0}, and i≤ = i
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. Note that the famil� {Note that the famil� {i

>
, i

=
, i

<
} constitutes 

a partition of i. Moreover, i
fi

 ≠ ∅.

If i
fi

 ∩ i≤ = ∅, then i
fi

 ∩ i
>
 ≠ ∅. �ence, 

i
>
 ≠ ∅ and
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On the other hand,  is feasible. We 
then have

.

We conclude that

.

Thus, i
<
 is not empt�. Since f

i
 is locall� 

non-satiable, there is an agent i ∈ i
<
 and a 

bundle  ∈ B
i
(p� satisf�ing  >

i
   x

i
. 

Therefore, x
i
 is not a ma�imal element for 

 
 

in B
i
(p�, from ��hich follo��s that (p,x� is not 

a competitive equilibrium.

We finish the proof b� considering the 
case in ��hich (ii� holds and i

fi
 ∩ i≤ ≠ ∅. 

Clearl�, in such a conte�t, there is some i ∈ 
i for ��hich x

i
 is not a ma�imal element for  

in B
i
(p�. �ence, (p,x� cannot be a competitive 

equilibrium.

3 A Production Economy

The environment builds on the one 
described in Section II. There e�ists a set i = 
{1,2,…,I} of consumers, a set l = {1,2,…,L} 
of commodities and a set J = {1,2,…,J} of 
firms. The commodit� space is . Each 
firm j ∈ J has a production set Y

j
 ⊆ . 

Each consumer i ∈ i has a preference relation 
 on her consumption set X

i
 ⊆  and an 

initial endo��ment ϖ
i
 ∈ X

i
. An allocation is 

a vector (x,y� ∈ , ��here x ∈  
and y ∈ . It can be ��ritten as (x,y� = (x

1
, 

x
2
,…,x

I
, y

1
, y

2
,…, y

J
�, ��here x

i
 ∈ X

i
 and y

j
 

∈ Y
j
. A price s�stem is an� vector p ∈ . 

The matri� Θ = [q
ij
]

I×J
, ��here q

ij
 ≥ 0, describes 

the share of firm j’s profit that is o��ned b� 

consumer i. Of course, q
ij
 = 1 for ever� j. 

The budget set of consumer i is

.

Locall� non-satiable preferences and 
ma�imal element are defined as in the previous 
section. The remaining definitions are:

 Definition 6 An allocation (x,y� is 
feasible if x

i
 ∈ X

i
 for all i, y

j
 ∈ Y

j
 for all 

j and .

 Definition 7 An allocation (x,y� is Pareto 
efficient if it is feasible and there is no 

feasible allocation  that satisfies 

  x
i
 for all i and  f

i
 x

i
 for some i.

 Definition 8 A competitive equilibrium 
is a vector (p,x,y� that satisfies: (i� (x,y� 
is feasible; (ii� for each j, p⋅y

j
 ≥ p⋅  for 

all  ∈ Y
j
 ; and (iii� for each i, x

i
 is a 

ma�imal element for  in B
i
(p,y�.

theorem 2 Suppose that each  is 
locall� non-satiable. If (p,x,y� is a competitive 
equilibrium, then (x,y� is Pareto efficient.

Proof Take an allocation (x,y� that is not 
Pareto efficient and a price s�stem p. It suffices 
to sho�� that (p,x,y� is not a competitive 
equilibrium. Either (i� (x,y� is not feasible or 
(ii� (x,y� is feasible and there e�ists another 
feasible allocation  that satisfies  

 x
i
 for all i and  f

i
 x

i
 for some i. If (i� is 

true there is nothing to sho��.

If (ii� holds, then either p  ≤ p⋅y
j
 for 

all j or that inequalit� fails for some firm j. 
Clearl�, in this last case (p,x,y� cannot be a 
competitive equilibrium. Therefore, from 
no�� on ��e assume that p⋅  ≤ p⋅y

j
 for all j 

and closel� follo�� the proof of Theorem 1.

Let the set i
fi

 be as defined in the 

previous proof. We define i
>
 according to

.

The sets i
=
, i

<
 and i≤ are similarl� 

defined.

As before, if i
fi

 ∩ i≤ ≠ ∅, then there 

is some i ∈ i for ��hich x
i
 is not a ma�imal 

element for  in B
i
(p,y� and (p,x,y� is not 

a competitive equilibrium. For the case in 
��hich i

fi
 ∩ i≤ = ∅, ��e again use the fact 

that i
>
 ≠ ∅. Therefore,

.  (1�

On the other hand, the fact that  
is feasible implies

We combine the last inequalit� ��ith (1� 
to conclude that
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.

The reasoning adopted in the previous 
proof establishes that (p,x,y� is not a 
competitive equilibrium.
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